Abstract. In this paper we consider a hyperbolic-hyperbolic relaxation limit problem for a 1D compressible radiation hydrodynamics (RHD) system. The RHD system consists of the full Euler system coupled with an elliptic equation for the radiation flux. The singular relaxation limit process we consider corresponds to the physical problem of letting the Bouguer number become infinite. We prove for appropriate initial datum that the solution of the initial value problem for the RHD system converges for vanishing reciprocal Bouguer number to a weak solution of the limit system which is the Euler system. The initial data are chosen such that the limit solution is composed by a 1-rarefaction wave, a contact discontinuity and a 3-rarefaction wave. Moreover we give the convergence rate in terms of the physical parameter.
1. Introduction. In this paper we consider the following RHD system which is written in Lagrangian coordinates, taking the form of
for x ∈ R, t > 0. The positive parameter ε > 0 can be identified with the reciprocal of Bouguer number(see Remark 2 below). The unknown vector is (v, u, θ, e, q) with v > 0 the specific volume, u ∈ R the longitudinal velocity, θ > 0 the temperature, e > 0 the internal energy, and q ∈ R the radiation flux. Here we restrict ourselves to an ideal polytropic gas, i.e., the state equations are given by
where s is the entropy, γ > 1 is the adiabatic exponent and R, A are two positive constants.
If we put ε = 0, the system (1) 
We are interested in the asymptotic regime where ε tends to zero. It appears difficult with nowadays analytical tools to verify the limit for arbitrary initial datum. Therefore we restrict ourselves to the case where the solution of the Euler equations (3) is a Riemann wave pattern consisting of two rarefaction waves and a contact discontinuity wave.
To describe the complete setting, we choose asymptotic states (v ± , u ± , θ ± ) ∈ (0, ∞) × R × (0, ∞) and prescribe for the limit Euler system (3) the Riemann initial data (v, u, θ)(x, 0) =
It is known that the Euler system (3) has three distinct real eigenvalues for positive v and θ: λ 1 = − √ γp/v < 0, λ 2 = 0, λ 3 = −λ 1 > 0. For the constant state (v − , u − , θ − ) there exists a suitable small neighborhood Ω(v − , u − , θ − ) of (v − , u − , θ − ) such that if (v + , u + , θ + ) ∈ Ω(v − , u − , θ − ) the Riemann problem (3)-(4) can be solved uniquely (see [20] ). In our paper we assume that the Riemann solution of (3)- (4) is the superposition of two rarefaction waves and one contact discontinuity wave. That is, we suppose
where R 1 , R 3 denote the 1,3-rarefaction wave curves and C denotes the contact wave curve.
• Contact discontinuity wave curve C:
It is easy to check that for (v + , u + , θ + ) ∈ C(v − , u − , θ − ), the stationary wave
is a contact discontinuity wave solution of (3).
• i−Rarefaction wave curve (i = 1, 3):
Here s − = s(v − , θ − ) with s the entropy from (2) , and λ i = λ i (v, s) is the ith characteristic speed of the Euler system (3) written in terms of specific volume and entropy. 
We can present the main result of this paper as follows.
Theorem 1.1. Let the function (V ,Ū ,Θ)(x, t) defined in (7) be a weak solution of the Riemann problem (3)-(4), which is by construction the superposition of two rarefaction waves and a contact wave. Then there exist
, and the constant C h > 0 depends on h but is independent of ε.
Remark 1.
In this theorem we do not specify the initial data for the system (1). In fact we require that the initial data for the system (1) approximates the Riemann initial data of the combination wave of (V ,Ū ,Θ) as ε tends to zero. Precisely speaking,
is the Riemann initial data which satisfies (5) . For simplicity we impose the same initial data for (1) as (V ε , U ε , Θ ε )(x, t = 0). That is the reason why we take zero initial data for the system (21).
Remark 2.
In [10] Kawashima&Nishibata considered a singular limit problem for a one dimensional RHD system, where they required that the Boltzmann number become infinitesimal and the Bouguer number become infinite, with their product kept constant. In this way the corresponding limit system is a hyperbolic-parabolic coupled system. However, in this paper we consider the case that the Bouguer number becomes infinite and keep the Boltzmann number to be constant. Then our limit system is the classic Euler system. In (1) the parameter ε stands for the reciprocal of the Bouguer number. For the derivation in details, we refer to pages 570-574 in [10] .
We also remark that similar problems are studied for the Hamer model by Lattanzio&Marcati (in [15] ) from the scaling viewpoint. They applied two different scalings to the Hamer model, and thus obtained two different singular limit problems: One is called hyperbolic-parabolic relaxation limit and the other is called hyperbolic-hyperbolic relaxation limit. In fact [10] is devoted to such a hyperbolicparabolic relaxation limit problem for RHD system, and our paper can be understood as the hyperbolic-hyperbolic relaxation limit problem for RHD systems.
Remark 3.
Since the composition wave pattern (V ,Ū ,Θ)(x, t) contains a contact wave which is discontinuous in x = 0, we can not expect that the smooth solution to (1) converges to (V ,Ū ,Θ)(x, t) in the whole domain R × [0, T ] in the L ∞ -norm. This is the reason why we introduce the domain Π h in Theorem 1.1. We only can show this L ∞ -convergence in Π h , i.e., away from x = 0 and t = 0. Now we recall related results and make some comments on our analysis. In [15] Lattanzio&Marcati studied both the hyperbolic-parabolic and the hyperbolichyperbolic relaxation limits for the scalar Hamer model problem [5] . Then Francesco considered the same relaxation limit problems for a multi-dimensional Hamer model in [2] . For other studies on Hamer model one can refer to [3, 4] and references cited therein. For fully direction dependent radiation transport we refer to [19] . Kawashima&Nishibata considered firstly the hyperbolic-parabolic relaxation limit for the system (1) in [10] . Recently Wang&Xie in [22] considered the hyperbolichyperbolic relaxation limit in the case of a single contact wave for the system (1). We should note that there are many results about the stability of elementary wave for fixed ε case in (1). Lin et al. established the global existence and stability of shock profiles for (1) in [13, 14] . Then, Nguyen et al. presented convergence rates to shock profile by using the Green's function method for general initial perturbations in [17] . Wang&Xie obtained the stability of the contact wave in [23] and the combination of contact wave with rarefaction waves in [24] . Moreover, some decay rates to contact wave are given by Rohde&Xie for general initial perturbation in [18] . The stability of rarefaction wave is also studied by Lin in [12] . For other interesting results in the same direction, we refer to [9, 11, 16] and references therein.
In this paper, we will study the relaxation limit for a combination of rarefaction waves with contact wave for the system (1). This work is motivated by [10, 15, 22, 8] . However, we should remark that the construction of the ansatz is different from that in [22] . The viscous contact wave profile in this paper satisfies the mass and momentum equations exactly while the error terms occur only in energy and radiation equations. To obtain the key a-priori estimates, we need to control the interaction terms from different characteristic families. In this way a domain decomposition technique is applied. This process is much more complicated than that in [22] . In addition, Since the system is less dissipative than the compressible Navier-Stokes equations, we require more regularities for the initial data. However, the decay rate we obtain in this paper is slower than that in [8] .
The rest of the paper is concerned with the proof of Theorem 1.1 and organized as follows. We introduce as a kind of auxiliary function an approximate smooth wave pattern in Sect. 2. Moreover, such a smooth wave pattern converges to the Riemann solution (V ,Ū ,Θ)(x, t) in L ∞ norm as ε tends to zero in domain Π h . In Sect. 3 we present a reformulation of our problem into a small perturbation problem near the approximate wave pattern. Sect. 4 is devoted to obtain a priori estimates, which are the key parts to show the difference(in L ∞ norm) between the solution for (1) and the smooth wave pattern is bounded by ε 2/15 . In this way we can succeed in showing the singular limit process in Theorem 1.1.
Notation: Throughout this paper, several positive generic constants are denoted by C, c, which are independent of ε. The functional space H l (R) denotes the lth order Sobolev space with its norm (7) and the solution to (1) . To this end we construct a smooth approximate wave pattern that converges to (7) as ε tends to zero. At the same time we also show some Sobolev norms of the difference between this smooth approximate wave pattern and the solution to (1) are bounded by the function ε a with a a positive constant. We split the construction into the construction of a smooth viscous contact wave and the smooth counterparts of the rarefaction wave.
2.1. Construction of the smooth wave pattern.
2.1.1. Construction of the viscous contact wave. We follow [22] to define a smooth version of the contact wave (6) , called the viscous contact wave (
Note that it includes a component for the radiative flux. The properties of the contact wave motivate us to expect
With this idea we consider the leading part of the energy equation in (1) 3 and are led to the following nonlinear diffusion problem
This problem admits a unique monotone self-similarity solutionΘ(
(cf. [1, 7, 21] ), that satisfies for all t ≥ 0 and l ∈ N the asymptotic estimates
Here δ cd = |θ + − θ − | and c 1 , c 2 are two positive constants which depend only on θ ± . We define the viscous contact wave (
Comparing to solutions of the RHD system (1) one observes that the viscous contact wave solves
where P [12, 8, 25] , the smooth approximate rarefaction waves, denoted by
, are constructed as follows. Consider for some σ > 0 and real numbers ϖ − < ϖ + to be determined the initial value problem
The solution ϖ r σ to (13) can be solved by the characteristics method and is given by ϖ
, where x 0 is the starting point of characteristics defined by dx/dt = ϖ(x, t). We define for i = 1, 3 the smooth approximate rarefaction wave (
where t 0 is the shift used to control the interaction between waves in different families with the property that t 0 → 0, as ε → 0. In this paper we choose
Here we used
Combination of smooth approximate rarefaction waves and viscous contact wave. By the construction in the above two subsections and the structure of the complete wave pattern (7) the smooth approximate combination wave pattern
where 
To get an estimate for the smooth rarefaction waves we recall the following results on the smooth solution of the Burgers problem from [25] .
Then the problem (13) has a unique smooth solution ϖ
and if x − ϖ + t > 0 and ϖ + < 0, then
) is the self-similar rarefaction wave solution for the Riemann problem
About what concerns the rarefaction wave solution ϖ r of (17) we note also the following shift result (see e.g. [8] for a proof). For any shift t 0 > 0, we have
where C depends only on ϖ ± . Combining Lemma 2.1, (18) and (14), we can derive some properties of the approximate rarefaction (V (14) for i = 1, 3 have the following properties
Lemma 2.2 ([8]). The approximate rarefaction waves (V
there exist positive constants C and σ 0 such that for σ ∈ (0, σ 0 ) and t, t 0 > 0,
Proof. Refer to the Lemma 2.3 in [8] .
We summarize the result (10) for the viscous contact wave and Lemma 2.2(4) to obtain as final L ∞ -estimate for the complete wave pattern
) .
The estimate (19) holds for t > 0.
3. Reformulation of the problem. To prove the Theorem 1.1, we only need to estimate the difference between the solution of (1) and the smooth approximate wave pattern constructed in (16) due to the estimate (19) . This section is devoted to the derivation of such a difference equation and the estimation of the error terms.
To simplify the formulas we skip in this section the index ε for the (components of the) smooth approximate wave pattern, i.
, as well as for the viscous contact wave and the smooth approximate rarefaction waves. Due to (12) and (15), the smooth approximate wave pattern constructed in (16) satisfies
where P = RΘ/V and
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Let us assume that (v ε , u ε , θ ε , q ε ) is the exact solution of the system (1) that satisfies the same initial data as (V, U, Θ, Q) (see Remark 1) . Skipping again the index ε for these functions we set
By using the (reverse) hyperbolic scaling y = x/ε, τ = t/ε, then we find that the perturbation vector (ϕ, ψ, θ, ω) satisfies
where
The local existence of smooth solution to (21) is standard, one can refer to [10, 9] . We define the energy function
To prove Theorem 1.1, it suffices to prove the following theorem. 
To prove Theorem 3.1 we first assume the a-priori estimate
where 0 < α 0 < 1 is a small constant to be determined later. Then we will show that N (τ ) is bounded by Cε 2/15 . In this way, we find (24) is indeed true by choosing ε and δ cd small enough. Before we give the necessary a-priori estimates in Sect. 4, we prepare the interaction term estimates for different characteristic fields by dividing the whole domain Ω := R × R + into the following three subsets: . Here, the factor 2 is not essential. Since we require that in each subset there is only one dominant characteristic family, then any positive constant C > 1 does work. We observe
. By similar arguments as (2.21) in [8] and using (3) in Lemma 2.2, we have the following estimates,
4. A-Priori estimates. In this section we will obtain some key a-priori estimates to the solution of (21) and thus the proof of Theorem 3.1. For τ > 0 we define 
2 /(1+εs) dyds.
Proof. Multiplying the equation (21) 2 by ψ, noticing that p−P = RΘ
For s > 0 define Φ(s) := s − 1 − ln s. It is easy to check that Φ is convex close to s = 1. Moreover,
and
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Multiplying (21) 3 by
Then, combining (26)- (29) gives
.
By the definition of Θ, (12) 3 and (15) 3 , we have
Consequently, we obtain from (30) that
First, by using (10) and the same arguments as in the estimate of (25), we have
Then multiplying (21) 4 by ω θ(θ+Θ)(θ 2 +Θ 2 ) and integrating by parts over R give that
It follows from Young's inequality, (10),(2) in Lemma 2.2(p = +∞) and (24) 
In a similar way, we obtain ∫
Here, we can estimate
The right hand side of (35) can be estimated as follows.
where we used Lemma 2.2 and Young's inequality.
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Putting the above two inequalities into (35) yields
Sincef
then by a similar argument as that in (25) we have
Thus, by using the estimate ∥ω∥
Note that the definition of
By noticing the definition of Q and (36), we have ∫
Analogous as (37), we obtain ∫
It follows from Lemma 2.2 and Young's inequality that ∫
Choosing ε, η, α 0 suitably small, we obtain from (30)-(42) that
In what follows, we estimate the RHS of the above inequality.
Similarly, we have
For the term
2 ζ θ dyds, it follows from the definition ofB 2 2 and Young's inequality that
By using Lemma 2.2 and noticing that t 0 = ε 1/5 , we have
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For the term ε
x ζ θ dyds, we have the similar estimate. Then, we obtain
Finally, putting (44)- (50) into (43) and noticing that
thus, we have completed the proof of Lemma 4.1.
The term
2 /(1+εs) dyds in Lemma 4.1 will be estimated in the following Lemma 4.3. Before we proceed, let us give some preliminaries. Set
It is obvious that
Proof. We refer to Lemma 3.2 in [8] or Lemma 1 in [6] .
Based on Lemma 4.2, we can obtain 
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Proof. The proof of (54) is divided into the proof of the following two inequalities.
where η is some small positive constant to be determined later and C η is another positive constant which depends only on η. Then adding (55) and (56) together and choosing η and δ cd suitably small give (54). Firstly, multiplying (21) 2 by (Rζ − P ϕ)vh and integrating the equation over R yield 1 2
Now we estimate the term J i , i = 1, .., 5, as follows:
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Note that we used the equation
Furthermore, the relation v τ = u y , (52) and using Young's inequality give
For J 2 1 , by using integration by parts and noticing that h|V
It follows from the definition of h(x, t) and J
where we used |V
Similarly, in view of (52), we have
CHRISTIAN ROHDE, WENJUN WANG AND FENG XIE
For J 5 , similar as (44), we have
Finally, by using Lemma 2.2 and (10), we obtain
Then, combining from (57), the estimates of J i (i = 1, .., 5) above and (59), we get (55).
In what follows, we estimate (56). First, we set f = Rζ + (γ − 1)P ϕ in Lemma 4.2 and use (58) to derive
We only need to estimate H i (i = 1, ..., 5) in above inequality. By using
y ) and recalling the definition of f and g, we have
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where we used |V 
Similar as the estimates in (45)- (50), we have
For H 1 , by using Rζ − P ϕ = f − γP ϕ and ψ y = ϕ τ , we have 
Similarly, for H 3 1 , we have
By using Lemma 2.2 and (10), similar as for (59), we obtain
In addition,
and similar as (45)-(50), we get
Thus, we prove (56) by using the estimates of H i (i = 1, ..., 5) above and Lemma 4.2. Consequently, we have completed the proof of Lemma 4.3.
From Lemmas 4.1 and 4.3, we can now proceed to the following formulation of the a-priori estimate.
Lemma 4.4.
There exist constants ε 0 , δ 0 > 0, such that for any τ > 0, ε ∈ (0, ε 0 ) and (ϕ, ψ, ζ, ω) ∈ E [0,τ ] that solve (21) and satisfy (24) 
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Now, for the estimates of the first order derivatives in space , we have the following result.
Lemma 4.5. There exist constants ε 0 , δ 0 > 0, such that for any τ > 0, ε ∈ (0, ε 0 ) and (ϕ, ψ, ζ, ω) ∈ E [0,τ ] that solve (21) and satisfy (24) 
Proof. We recast the system (21) as follows.
Thereby we used
Apply ∂ y to the equations in (62) and multiply the resulting equations by ϕ y , 
with
Now, we will estimate Thus it is straight to obtain for R 1 the estimate
Similarly,
where we used equations (20) and (62). We only estimate one term in
Rθ | dyds for brevity.
In the last inequality we used 
Multiplying the above two equalities by −V ϕ y and 
Integrating the above equality with respect to (y, τ ) in R × 
